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Summary. In this article, we show that if X is a Stein space of dimension
n and, if D is a locally q-complete open set in X , then D is q-complete. This
gives, in particular, a positive answer to the local Steinness problem, which
is one of the most classical problem in complex analytic geometry, namely,
if D is a locally Stein open set in a Stein space X , then D is Stein.
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1. Introdution and Preliminaries.
Let X be a complex space and f : X → IR a real valued function. Then f is
said to be q-convex if for any x ∈ X there exist a neighborhood U which is
biholomorphic to a closed analytic set in an open set Ω ⊂ ICn(x) and a function
g ∈ C∞(Ω) such that i∂∂g has at most q − 1 zero or negative eigenvalues at
each point of Ω and f |U = g|U . The space X is called q-complete if there
exists an exhaustion function f on X such that f is q-convex on X .
Let X be a q-complete space and D an open subset of X . Then D is said to
be q-Runge in X if for any compact set K ⊂ D there is a q-convex exhaustion
function f on X such that K ⊂ {x ∈ X : f(x) < 0} ⊂⊂ D.
In a complex space X , an open set Ω is said to be locally q-complete if every
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point z of the boundary ∂Ω has a neighborhood U in X such that U ∩ Ω is
q-complete.
Let X be a Stein space, and let Ω ⊂ X be a locally q-complete open subset
of X . Is then Ω q-complete ?
For q = 1, it is shown by Andreotti and Narasimhan [3] that Ω is Stein, if
X has isolated singularities.
It was shown in [6] that D is cohomologically (q + 1)-complete. A complex
space X is said to be cohomologically q-complete if for any F ∈ coh(X) the
cohomology groups Hp(X,F) vanish for all p ≥ q.
Recently Coltoiu and Diederich [5] proved that if X is a Stein space and
Ω ⊂⊂ X a locally Stein open subspace, then Ω is Stein iff Ω has an envelope
of holomorphy.
In [1] we showed that if X is a Stein manifold of dimension n and D ⊂ X
a locally q-complete subspace with q ≤ n − 2, then D is cohomologically
q-complete with respect to the structure sheaf OD.
In this article we show that the answer to this problem is positive in the
general case. In fact, we prove that ifX is a Stein complex space of dimension
n and, if D ⊂ X is a locally q-complete open set in X , then D is q-complete.
The proof of this theorem uses some results of Vajaitu [7] on q-completeness
and q-concavity of the union of open subspaces. The proof is also based on
the following theorem
Theorem 1 [2]. Let X be a Stein space and Ω1 ⊂ Ω2 ⊂ · · · ⊂ Ωn ⊂ · · ·
an incresing sequence of q-complete open sets in X. Then Ω =
⋃
j≥1
Ωj is
q-complete.
In order to prove our result we shall need also the following result
Lemma 1 -Let X be a Stein space of dimension n, and let Ω ⊂ X be a
locally q-complete open subset of X. Then there exists a locally finite covering
(Ui)i∈IN of Ω by relatively compact open sets Ui ⊂⊂ X such that Ui ∩ Ω is
q-complete, Ωj =
⋃
i≤j
Ui ∩ Ω is locally q-complete for all j and, Ωj ∩ Uj+1 is
q-Runge in Ω ∩ Uj+1.
A proof of lemma 1 can be found in [1].
Theorem 2 -Let X be a Stein space of dimension n and Ω ⊂ X a locally
q-complete complex subspace. Then Ω is q-complete.
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Proof. We shall first prove that if (Ui)i∈IN is the covering of Ω given by
lemma 1, then for any j ∈ IN, Ωj =
⋃
i≤j
Ui∩Ω is q-complete. In fact, for j = 0,
Ωo = Ω ∩ Uo is q-complete by construction. Assume that Ωj−1, j ≥ 2, is
q-complete and set D1 = Ωj−1 and D2 = Ω ∩ Uj . Then there exist (See [7])
smooth q-convex exhaustion functions φi : Di →]0,+∞[, i = 1, 2, such that
φ˜i =
{
e−φi(x), x ∈ Di
0, x ∈ X\Di
are of class C2 on X and, there exists an open neighborhood U ⊂ Ωj of
(∂D1∩D2)∪ (D1∩∂D2) such that φ =
1
φ˜1+φ˜2
is q-convex on Ωj\(D1∩D2\U)
and exhaustive on Ωj .
We shall prove by induction that there exists a family (φ′′i )i∈IN of exhaustion
functions of class C2 on Ωj such that for any i ≥ 1, φ
′′
i is q-convex on a
neighborhood of Ω′′i, where Ω
′′
i = {x ∈ Ωj : φ
′′
i (x) < i}, i ≥ 1, is an
increasing sequence of q-complete open sets in Ωj such that Ω =
⋃
j≥1
Ω′′j .
Let ψ be a smooth strictly psh function on X such that ψ < 0 on Ωj. Then
there exists a sufficiently big constant K1 > 0 such that ψ1 = K1ψ + φ2 is
strictly psh on a neighborhood of Ω1 ∩ (D1 ∩D2\U), where
Ω′1 = {x ∈ Ωj : φ(x) < 1}. Then clearly the function given by
ψ˜1 =
{
e−ψ1(x), x ∈ D2
0, x ∈ X\D2
is of class C2 on X . We set φ˜′1 =
1
φ˜1+ψ˜1
+M1.h1, where M1 is a positive
constant and h1 : X → IR a C
∞ strictly psh function. Then φ˜′1 is exhaustive
and of class C2 on Ωj and, obviously q-convex on Ωj\(D1 ∩D2\U). Now we
shall prove that for a good choice of M1 and h1, φ˜′1 is still q-convex at every
point xo ∈ Ω′1 ∩ (D1 ∩D2\U). Since this property is locale around xo, it is
sufficient to show that this result is true when X is an open subset of some
ICN . Let E ⊂ ICN be a complex vector space with dim(E) ≥ N−q+1 and such
that the Levi form L(φ1, xo)|E is positive definite. We fix a point ξ ∈ E\{0}
and put a1 = e
−φ1(xo), a2 = e
−ψ1(xo), b1 = (∂φ1(xo), ξ) and b2 = (∂ψ1(xo), ξ).
A simple computation gives
L(φ˜′1, xo)ξ =
1
(a1 + a2)2
A+
1
(a1 + a2)3
B +M1.L(h1, xo)ξ,
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where
A = (a1.L(φ1, x)ξ + a2.L(ψ1, xo)ξ).
and
B = 2|a1b1+a2b2|
2−(a1+a2)(a1|b1|
2+a2|b2|
2) = |a1b1+a2b2|
2−a1a2|b1−b2|
2.
Clearly A > 0. Furthermore, if M1 > SupΩ′1(
e−(φ1+ψ1)
(e−φ1+e−ψ1 )3
)|∂φ1 − ∂ψ1|
2, then
L(φ˜′1, xo)|E is positive definite, if h1 is chosen so that L(h1, xo)ξ > |ξ|
2 at
any point ξ ∈ ICN\{0}. Moreover, if we replace φ˜′1 by φ˜
′
1 − M.m1 with
m1 > SupΩjh1, we can also achieve that φ˜
′
1 < φ. Then
Ω′1 ⊂ Ω˜1 = {x ∈ Ωj : φ˜
′
1(x) < 1}.
On the other hand, since, by lemma 1, D1 ∩ D2 is q-Runge in D2, there
exists a q-convex exhaustion function f1 ∈ C
∞(D2) such that f1 < 0 on
Ω˜1 ∩ (D1 ∩D2\U) and D
′
1 = {x ∈ D2 : f1(x) < 0} ⊂⊂ D1 ∩D2.
Now we can find a smooth strictly psh function ψ′1 : X →]0,+∞[ such that
ψ′′1 = ψ
′
1 +K1ψ + φ2 is strictly psh in a neighborhood of D
′
1. Moreover, if
ψ˜′′1 =
{
e−ψ
′′
1 (x), x ∈ D2
0, x ∈ X\D2
then there are constants M ′1 > 0, m
′
1 > 0 and a strictly psh function
h′1 ∈ C
∞(X) such that m′1 > SupΩjh
′
1 and φ
′′
1 =
1
φ˜1+ψ˜′′1
+M ′1.h
′
1 −M
′
1.m
′
1 is
q-convex on Ωj\(D1 ∩D2\U) and on a neighborhoodof D′1. By multiplying
f1 by a sufficiently large constant λ > 1, we may also assume that
SupΩj (h1 −
M ′1
M1
h′1) +
M ′1
M1
m′1 < MinΩjh1 −
1
M1
f1 −
1
M1
on Ω˜1 ∩ (D1 ∩D2\U) and if, in addition, we suppose that
m′1 > SupΩj (h
′
1) +
1
M ′1
Sup
D′1∪Ω˜1
(
1
φ˜1 + ψ˜′′1
−
1
φ˜1 + φ˜2
)
and choose m1 such that
SupΩj (h1 −
M ′1
M1
h′1) +
M ′1
M1
m′1 < m1 < MinΩjh1 −
1
M1
f1 −
1
M1
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on Ω˜1 ∩ (D1 ∩D2\U), then φ˜′1 < Min(φ
′′
1, φ) on Ωj , φ
′′
1 < φ on D
′
1 ∪ Ω˜1 and
f1 + 1 < φ˜′1 on Ω˜1 ∩ (D1 ∩D2\U). Therefore Ω
′
1 ⊂ Ω
′′
1 = {φ
′′
1 < 1} ⊂ Ω˜1 and
Ω′′1 ∩ (D1 ∩D2\U) ⊂ D
′
1, which implies in particular that
−1
φ′′1−1
is a q-convex
exhaustion function of class C2 on Ω′′1. This proves that Ω
′′
1 is q-complete.
Now choose K2 > K1 so that ψ2 = K2ψ + φ2 is strictly psh on a neighbor-
hood of D′1 and set
ψ˜′2 =
{
e−ψ2(x), x ∈ D2
0, x ∈ X\D2
Then there exist constants M2 > 0, m2 > 0 and a strictly psh function
h2 ∈ C
∞(X) such that φ˜′2 =
1
φ˜1+ψ˜′2
+M2h2 −M2m2 is q-convex on
Ωj\(D1 ∩D2\U) and on a neighborhood of D′1.
If m2 > SupΩj(h2 −
M1
M2
.h1) +
M1
M2
m1, then φ˜′2 < φ˜
′
1 and
{x ∈ Ωj : φ˜′1(x) < 2} ⊂ Ω˜2 = {x ∈ Ωj : φ˜
′
2 < 2} ⊂⊂ Ωj .
Let f2 ∈ C
∞(D2) be a q-convex exhaustion function such that f2 < 0 on
Ω˜2 ∩ (D1 ∩ D2\U) and D
′
2 = {x ∈ Ωj : f2(x) < 0} ⊂⊂ D1 ∩ D2. Choose a
sufficiently big constant K ′2 > 1 such that ψ
′′
2 = K
′
2ψ
′
1 +K2ψ + φ2 is strictly
psh on a neighborhood of D′2. Then there are constants M2 > 0, m
′
2 > 0 and
a strictly psh function h′2 : X → IR such that m
′
2 > SupΩjh
′
2 and, if
ψ˜′′2(x) =
{
e−ψ
′′
2 (x), x ∈ D2
0, x ∈ X\D2
then φ˜′′2 =
1
φ˜1+ψ˜′′2
+M ′2.h
′
2 −M
′
2.m
′
2 is q-convex on Ωj\(D1 ∩D2\U) and on
a neighborhood of D′2.
Now we only have to use the same argument to show that we may take
f2, m
′
2 and m2 so that φ˜
′
2 < Min(φ˜
′
1, φ
′′
2) on Ωj , φ
′′
2 < φ˜
′
1 on D
′
2 ∪ Ω˜2 and
f2 + 1 < φ˜′2 on Ω˜2 ∩ (D1 ∩D2\U). Then {φ˜
′
1 < 2} ⊂ Ω
′′
2 = {φ˜
′′
2 < 2} ⊂ Ω˜2,
and Ω′′2 ∩ (D1∩D2\U) ⊂ D
′
2. This implies that
−1
φ′′2−2
is a q-convex exhaustion
function of class C2 on Ω′′2, which shows that Ω
′′
2 is q-complete. Note also
that since φ˜′1 < Min(φ, φ
′′
1), then
Ω′2 ∪ {x ∈ Ωj : φ
′′
1(x) < 2} ⊂ {x ∈ Ωj : φ˜
′
1(x) < 2} ⊂ Ω
′′
2,
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where Ω′2 = {x ∈ Ωj : φ(x) < 2}. By using this procedure, we obtain a
family (φ′′i )i∈IN of exhaustion functions φ
′′
i ∈ C
2(Ωj) such that for each i ≥ 1,
φ′′i is q-convex on a neighborhood of Ω
′′
i, where Ω
′′
i = {φ
′′
i < i}, and such
if Ω′i = {x ∈ Ωj : φ(x) < i}, then Ω
′′
i ∪ Ω
′
i ⊂ Ω
′′
i+1 for i ≥ 0. This implies
that (Ω′′i )i∈IN is an increasing sequence of q-complete open sets in Ωj such
that Ωj =
⋃
i≥1
Ω′′i . It then follows from theorem 1 that Ωj is q-complete and
theorem 2 is completely proved.
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